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In this paper we give characterizations of the resolvent set of the generator A of
 .a strongly continuous cosine function C t in terms of certain solution properties
 .  .  .of the differential equation u0 t s Au t q f t . Q 1999 Academic Press
1. INTRODUCTION
5 5Let X be a Banach space with norm ? and let A be a generator of a
At  .C -semigroup e in X. Let s A denote the spectrum of an operator A.0
It is well known that
ets  A. : s e At , for all t G 0, 1.1 .  .
holds for all generators A of strongly continuous semigroups and that this
 At.inclusion may be strict. One characterization of s e for contraction
w xsemigroups in Hilbert spaces was obtained by Gearhart 7 . His result is
At y1  lt 40 / n g r e m t Log n s l g C: e s n ; r A , .  .
1.2 .y1 y1sup l y A : l g t Log n - `, . 4
 .  . w xwhere r A s C _ s A denotes the resolvent set of A. Pruss 8 provedÈ
that Gearhart's result also holds for any arbitrary C -semigroup on a0
Hilbert space X. Namely, he showed that, in a Banach space, the condition
1 g r e A 1.3 .  .
is necessary and sufficient for the differential equation
u9 t s Au t q f t .  .  .
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w x .to have a unique 1-periodic mild solution for each f g C 0, 1 , X . If X is
 .a Hilbert space, then condition 1.3 is equivalent to
y12p in g r A , ;n g Z and sup 2p in y A - `. .  .
ngZ
 . AtThese results lead to the characterization 1.2 of the resolvent set of e
 .in terms of r A in Hilbert spaces.
The purpose of this paper is to explore whether the above-mentioned
results of Pruss can be extended to the second order differential equationÈ
u0 t s Au t q f t , 1.4 .  .  .  .
where A is assumed to be the generator of a strongly continuous cosine
 .  .function C t , and S t denotes the associated sine function. We will show
that
1 g r C 1 1.5 .  . .
w x .  .if and only if for every 1-periodic function f g C 0, 1 , X , Eq. 1.4 has a
1  .unique 1-periodic mild solution of class C Theorem 2 . We will see that
the existence of unique 1-periodic mild solutions also implies that the
 .associated sine function S 1 is an invertible operator in the space
 .  .L X, D Theorem 1 . Moreover, the technique presented in the proof of1
Theorem 2 can be easily adopted to show that
y1 g r C 1 . .
 .if and only if Eq. 1.4 admits a unique 1-antiperiodic mild solution of class
1 w x . w xC for any 1-antiperiodic function f g C 0, 1 , X . Using Pruss' 8 Theo-È
rem 1 and our results, we will show that the unique existence of 1-periodic
1  .mild solutions of class C of Eq. 1.4 for any 1-periodic function f is
equivalent to the unique existence of 1-periodic mild solutions of the first
order system
¨ X t ¨ t f t .  .  .1 1 10 Is qX  /A 0 /  /  /¨ t ¨ t f t .  .  .2 2 2
 .   .  ..for any 1-periodic function F t s f t , f t .1 2
Our main result is that if X is a Hilbert space, then the following
 .conditions are equivalent Theorem 4 :
 .  .i Equation 1.4 has a unique 1-periodic mild solution for any
w x .1-periodic function f g C 0, 1 , X .
 .  .  .ii The operator S 1 g L X, D is invertible.1
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 .iii
y12 2 2 2 4y4p n : n g Z : r A , sup 4p n q A - `. 1.6 .  .  .
ngZ
Here, a mild solution may not be of class C1. Thus, by Theorem 2,
  ..  . w x1 g r C 1 implies 1.6 . But, as an example in 12 shows, the converse is
in general not true. This, of course, means that Theorem 4 does not hold,
if ``mild solution'' is replaced by ``mild solution of class C1'', and that the
differentiability condition for a mild solution in Theorem 2 cannot be
 .dropped. But, if the function t ¬ C t x is differentiable for all x g X, and
 .  .X is a Hilbert space, then conditions 1.5 and 1.6 are equivalent.
2. PRELIMINARIES
5 5Let X be a complex Banach space with norm ? .
 .DEFINITION 1. An operator family C t , y` - t - `, is called a strongly
 .continuous cosine function on X if C t is a family of bounded linear
operators on X such that
 .  .i C 0 s I;
 .  .  .  .  .ii C s q t q C s y t s 2C s C t ;
 .  .iii The function t ¬ C t x is continuous for every x g X.
 .The associated sine function, S t , is defined by
t
S t x s C s x ds, ; x g X . .  .H
0
 .It is well known that if C t is a strongly continuous cosine function in
y` - t - `, then there exists a unique closed, densely defined operator
A such that
 .1 The Cauchy problem
u0 t s Au t , 2.1 .  .  .
u 0 s u , u9 0 s u .  .0 1
is well posed;
 .  .  .  .  .2 u t s C t u q S t u is a solution of 2.1 ;0 1
 .3 There exist constants C G 1, v G 0 such that0
v < t <C t F C e , y` - t - `; 2.2 .  .0
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 .  2 .y14 l y A exists in the half-space Re l ) v and
 .ny1  .y nq12 ql l y A F C n! Re l y v , Re l ) v , n g Z , .  . / 0
2.3 .
 .where C and v are given in 2.2 .0
 .The operator A is called the generator of C t and is defined by
2 C h y I x . .
D A s x g X : lim exists . 2 5hhª0
and
2 C h y I x . .
Ax s lim , ; x g D A . .2hhª0
w x  .  .As shown in 2 , the following identities for C t and S t hold:
AC t x s C0 t x , ; x g D A , ; t g R, .  .  .
AS t x s C9 t x , ; x g D A , ; t g R, .  .  .
AC t x s C t Ax , ; x g D A , ; t g R, .  .  .
AS t x s S t Ax , ; x g D A , ; t g R, .  .  .
C s q t x s C s C t x q S s C9 t x , ; x , .  .  .  .  .
s.t. C9 t x exists, ;s, t g R, 2.4 .  .
S s q t x s C s S t x q S s C t x , ; x g X , ;s, t g R, 2.5 .  .  .  .  .  .
C yt x s C t x , ; x g X , ; t g R, 2.6 .  .  .
S yt x s yS t x , ; x g X , ; t g R. 2.7 .  .  .
 .  .  .Using ii in the definition of a cosine function and formula 2.6 , we
 .  .can prove some commutativity relations for S t and C t . Namely, we
have
1C s C t s C s q t q C s y t .  .  .  .2
1s C t q s q C t y s .  .2




C s C t x ds s C t C s x ds, ; r g R, ; x g X , .  .  .  .H H
0 0
or
S r C t x s C t S r x , ; t , r g R, ; x g X . .  .  .  .
 .Formula 2.8 implies that
C s C9 t x s C9 t C s x .  .  .  .
and also
S s C9 t x s C9 t S s x , .  .  .  .
 .;s, t g R, whenever C9 t x exists.
w x .A function u g C yT , T , X is called a strong solution of the Cauchy
problem
u0 t s Au t q f t , 2.9 .  .  .  .
u 0 s u , u9 0 s u .  .0 1
 .  . w xif u t is twice differentiable and satisfies Eq. 2.9 . It was shown in 2 that
 .if u , u g D A and one of the conditions0 1
 .  .  .  .  . w x1 f t g D A , f t , and Af t are continuous in t g 0, T ,
 .  .2 f t is differentiable,
 .holds, then a strong solution of 2.9 is given by
t w xu t s C t u 0 q S t u9 0 q S t y s f s ds, t g yT , T . .  .  .  .  .  .  .H
0
2.10 .
1w x . w x .For given f g L yT , T , X , a function u g C yT , T , X is called a
mild solution of class C1 of equation
u0 t s Au t q f t .  .  .
w x  .  . w xon yT , T , if 2.10 holds and u t is differentiable on yT , T . It follows
 .from 2.10 that
t w xu9 t s C9 t u 0 q C t u9 0 q C t y s f s ds, t g yT , T . .  .  .  .  .  .  .H
0
2.11 .
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1w x . w x .For given f g L yT , T , X , a function u g C yT , T , X is called a
 . w x  .  .mild solution of Eq. 1.4 on yT , T , if 2.10 holds and u t is differen-
tiable at t s 0. In what follows, we consider 1-periodic mild solutions and
1  . w xmild solutions of class C of 1.4 on the closed interval 0, 1 . By differen-
 .tiability of u t at t s 0 or t s 1 we mean that the following limits exist
and are equal:
u t y u 0 u t y u 1 .  .  .  .
lim s lim .
t y 0 t y 1tª0q tª1y
 .  .We denote this by u9 0 s u9 1 .
Consider the subspace D of X,1
D s x g X : C t x is continuously differentiable . 4 .1
The norm in the subspace D is defined by1
y1yv t5 5 5 5x s max x , sup e 1 q t C9 t x , 2.12 .  .  . 4D  51
tG0
 .  5 5 .where v is given in 2.2 . It is known that D , ? is a Banach spaceD1 1
 w x. w x  .see 2 . From 2, Theorem III.1.3 it follows that S t is a bounded
operator which maps X into D , such that1
v t 5 5S t x F C C q 1 e x , ; x g X , ; t g R. 2.13 .  .  .D 0 01
 .  .  .Observe that if a function u t is given by 2.10 such that u t g
w x .  . 1w x .  .C 0, 1 , D , then u t g C 0, 1 , X . Also, u t is a mild solution of class1
1  .  .  . 1w x .C of Eq. 1.4 if and only if u 0 g D if and only if u t g C 0, 1 , X .1
3. SPECTRAL CONDITIONS FOR THE EXISTENCE OF
PERIODIC SOLUTIONS
In what follows, we assume that A is a densely defined, closed linear
operator on a Banach space or Hilbert space X which generates a strongly
 .continuous cosine function C t . There is a strong relationship between
  ..  .  .the property 1 g r C 1 and 1-periodic solutions of 1.4 . If u t is a
 .  .1-periodic mild solution of Eq. 1.4 , then by 2.10 we obtain
1
I y C 1 u 0 s S 1 u9 0 q S 1 y s f s ds. 3.1 .  .  .  .  .  .  .H
0
 .Also by 2.11 ,
1




2I y C 1 u 0 .  .
1
s S 1 I y C 1 u9 0 q I y C 1 S 1 y s f s ds, .  .  .  .  .  .H
0
1
S 1 I y C 1 u9 0 s S 1 C9 1 u 0 q S 1 C 1 y s f s ds. .  .  .  .  .  .  .  .  .H
0
The last two formulas imply that
2I y C 1 u 0 .  .
1
s S 1 C9 1 u 0 q S 1 y s .  .  .  .H
0
qS 1 C 1 y s y C 1 S 1 y s f s ds. .  .  .  .  .
 .By 2.4 we obtain
11I y C 1 u 0 s S 1 y s q S s f s ds. 3.3 .  .  .  .  .  .H2
0
 . w  .xWe multiply 3.2 by I y C 1 and get
2I y C 1 u9 0 .  .
1
s C9 1 I y C 1 u 0 q I y C 1 C 1 y s f s ds. .  .  .  .  .  .H
0
 .Using 3.1 , gives
12I y C 1 u9 0 s C9 1 S 1 u9 0 q S 1 y s f s ds .  .  .  .  .  .  .H
0
1
q I y C 1 C 1 y s f s ds, .  .  .H
0
i.e.,
2I y 2C 1 q C 1 y C9 1 S 1 u9 0 .  .  .  .  .
1
s C9 1 S 1 y s y C 1 C 1 y s f s q C 1 y s f s ds. .  .  .  .  .  .  .H
0
 .  .Formulas 2.4 and 2.6 simplify the left- and right-hand sides of the above
formula to
1
I y 2C 1 q I u9 0 s yC s f s q C 1 y s f s ds .  .  .  .  .  .H
0
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or, equivalently,
11I y C 1 u9 0 s C 1 y s y C s f s ds. 3.4 .  .  .  .  .  .H2
0
 .  .  .Formulas 3.3 and 3.4 imply that 1-periodic mild solutions of u0 t s
 .  .  .  .  .  .Au t are functions of the form u t s C t u 0 q S t u9 0 such that
w  .x  . w  .x  .I y C 1 u 0 s 0 and I y C 1 u9 0 s 0.
  ..LEMMA 1. Let X be a Banach space. If 1 g r C 1 , then for any
 .1-periodic function f g C R, X , there exists a unique 1-periodic mild solution
1  .of class C of Eq. 1.4 .
  ..  .  .Proof. Let 1 g r C 1 . Then 3.3 and 3.4 determine the unique
 .  .initial values of the 1-periodic mild solution u t of Eq. 1.4 :
1y11u 0 s I y C 1 S 1 y s q S s f s ds 3.5 .  .  .  .  .  . . H2
0
and
1y11u9 0 s I y C 1 C 1 y s y C s f s ds. .  .  .  .  . . H2
0
 .  . 1From 3.5 it follows that u 0 g D . Thus, our mild solution is of class C .1
The converse of Lemma 1 holds as well. For the proof of this statement
we need the following theorem.
THEOREM 1. Let X be a Banach space. If for e¨ery 1-periodic function
 . w x .  .f t g C 0, 1 , X there exists a unique 1-periodic mild solution of Eq. 1.4 ,
 .  .then S 1 is an injecti¨ e and surjecti¨ e operator from X to D , i.e., S 1 g1
 .L X, D is in¨ertible.1
 .Proof. We will show the injectivity of S 1 first. Let x g X be given
 .such that S 1 x s 0. Then we have that
1 1 1 1 1C x s C 1 y x s C 1 C x y C9 S 1 x s C 1 C x 3.6 .  .  .  . .  .  .  .  .2 2 2 2 2
1 .  .  .  .and u t s S t C x is a 1-periodic mild solution of Eq. 1.4 , because by2
 .  .2.5 and using 3.6 we obtain
1u t q 1 s S t q 1 C x .  .  .2
1 1s S t C 1 C x q C t S 1 C x .  .  .  . .  .2 2
1s S t C 1 C x .  .  .2
1s S t C x .  .2
s u t , ; t g R. .
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1 1 .  .  .In fact, u t s S t C x is a 1-periodic mild solution of class C . By2
 .uniqueness, we have that u t s 0, for all t g R. We will show that x s 0
 .  .  .by using formula 2.5 and the fact that C t and S t are even and odd
functions, respectively. We know that
1 1S t x s S t y q x .  .2 2
1 1 1 1s S t y C x q C t y S x .  .  .  .2 2 2 2
1 1s C t y S x , ; t g R, .  .2 2
1 1 1 1 .  .   ..  .  .  .  .Thus, yS t x s S yt x s C y t y S x s C t y S x s S t x,2 2 2 2
 .for any t g R. Hence, S t x s 0, ; t g R, and finally, x s 0. This shows
 .the injectivity of the operator S 1 .
 . w x .By 3.1 , for a given 1-periodic function f g C 0, 1 , X we have that
1
S 1 u9 0 s 1 y C 1 u 0 y S 1 y s f s ds. 3.7 .  .  .  .  .  .  . . H
0
 .Formula 3.3 implies that
1 11 1S 1 u9 0 s S s f s ds y S 1 y s f s ds. 3.8 .  .  .  .  .  .  .H H2 2
0 0
 .   ..  .Since S t is an odd function formula 2.7 and f t is 1-periodic, we can
simplify the above equation to
1
2S 1 u9 0 s S s f s ds. 3.9 .  .  .  .  .H
y1
 . 1 .Let x g D be given. Consider a function g t g C R, R , such that1
 .  .  .  . 1  .g 0 s g 1 s 0, g is 1-periodic, g 9 0 s g 9 1 s 0, and H g t dt s 1. Let0
 .  .  . w x .f t s 2C9 t g t x. Then f g C 0, 1 , X and f is 1-periodic. By hypothe-
 .  .sis, there exists a unique 1-periodic mild solution u t such that 3.9 holds:
1
2S 1 u9 0 s S s 2C9 s g s x ds. 3.10 .  .  .  .  .  .H
y1
 .By 2.4 we have
2S 1 u9 0 .  .
1 1 1
s S s C9 s g s x dsq C s C s g s x dsyy g s x ds .  .  .  .  .  .  .H H H
y1 y1 y1
1 1
s S s C9 s g s x ds q C s C s g s x ds y 2 x . .  .  .  .  .  .H H
y1 y1
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 .  .  .  .Consider h t s C t g 9 t x. Notice that h t is continuous and 1-periodic.
 .Then by the hypothesis, there exists a unique 1-periodic mild solution ¨ t
 .of u0 s Au q h satisfying 3.9 :
1
2S 1 ¨ 9 0 s S s C s g 9 s x ds. 3.11 .  .  .  .  .  .H
y1
 .  .Adding 3.10 and 3.11 gives
2S 1 u9 0 q ¨ 9 0 .  .  . .
1 1
s S s C9 s g s x ds q C s C s g s x ds .  .  .  .  .  .H H
y1 y1
1




2S 1 u9 0 q ¨ 9 0 s S s C s g s x ds y 2 x . .  .  .  .  .  . . H dsy1
Finally,
S 1 yu9 0 y ¨ 9 0 s x . .  .  . .
 .This shows the surjectivity of S 1 .
Of course, Lemma 1 and Theorem 1 hold true if mild solution is
replaced by mild solution of class C1, and they imply the following corol-
lary.
  ..  .  .COROLLARY 1. If 1 g r C 1 , then S 1 g L X, D is in¨ertible.1
THEOREM 2. Let X be a Banach space. Then the following are equi¨ alent:
 .   ..i 1 g r C 1 .
 .  . 1ii Equation 1.4 has a unique 1-periodic mild solution of class C for
w x .gi¨ en 1-periodic f g C 0, 1 , X .
 .  .Proof. In view of Lemma 1 we need only to show ii « i . We will
  ..   ..show the injectivity of I y C 1 first. Suppose that I y C 1 x s 0, for
 .  . some x g X. Using the commutativity of S 1 and C 1 we have I y
 ..  .  .C 1 S 1 x s 0. Since S 1 x g D ,1
u t s C t S 1 x .  .  .
 .  .  .  .  .  .  .is a mild solution of 1.4 . Also, u 0 s S 1 x s C 1 S 1 x s u 1 , u9 0 s
 .  .  .  .  . w  .x2 w  . xw  .C9 0 S 1 x s 0, and u9 1 s C9 1 S 1 x s C 1 x y x s C 1 q I C 1
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x  .y I x s 0, which means that u t is a 1-periodic mild solution. But
 .  .¨ t s 0 is a 1-periodic solution of Eq. 1.4 also. It follows from the
 .  .  .uniqueness of the solution that C t S 1 x s 0 for all t. Hence S 1 x s 0
and from Theorem 1 it follows x s 0.
 . w x .Consider g t g C 0, 1 , R defined by
4 t , if 0 F t - 0.5,g t s . y4 t q 4, if 0.5 F t F 1.
1  .  .  .  .Notice that H g s ds s 1, g 0 s 0 s g 1 , and that g t can be extended0
 .  .  .by continuity to R. Let x g X be arbitrary. Consider f t s C t g t x1
 .  .  .  .  .and f t s S t g t x. Both f t and f t are 1-periodic and functions in2 1 2
w x .C 0, 1 , X . By hypothesis, there exist unique 1-periodic mild solutions
 .  .u t and u t of equations u0 s Au q f and u0 s Au q f , respectively.1 2 1 2
 .  .By 3.3 and 3.4 we have
1
2 I y C 1 u 0 s S 1 y s q S s f s ds .  .  .  .  . .  .H1 1
0
and
1X2 I y C 1 u 0 s C 1 y s y C s f s ds. .  .  .  .  . .  .H2 2
0
Adding the above formulas gives
2 I y C 1 u 0 q uX 0 .  .  . .  .1 2
1
s S 1 y s C s q S s C s g s x ds .  .  .  .  . .H
0
1
q C 1 y s S s y C s S s g s x ds. .  .  .  .  . .H
0
 .Using 2.5 to simplify the right-hand side of the above equation we get
1X2 I y C 1 u 0 q u 0 s S 1 g s x ds s S 1 x . .  .  .  .  .  . .  . H1 2
0
 .By 3.9 we have
1X 1S 1 u 0 s S s S s g s x ds, .  .  .  .  .H2 2
y1
so that
1 y1X 1u 0 s S s S 1 S s g s x ds g D . .  .  .  .  .H2 12
y1
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 .  .Also, we know that u 0 g D , since u t is differentiable. Thus, we can1 1 1
w  .xy1  . X  ..  .  .let z s 2 S 1 u 0 q u 0 , where u 0 and u 0 are defined as1 2 1 2
above. We have shown that for any x g X there exists a z g X such that
  ..I y C 1 z s x.
It is not difficult to see that the technique presented in the above proofs
can be used to show a corollary.
  ..COROLLARY 2. y1 g r C 1 if and only if for e¨ery 1-antiperiodic
w x .  .  .function f g C 0, 1 , X , i.e., f t s yf t q 1 , there exists a unique 1-anti-
1  .periodic mild solution of class C of Eq. 1.4 .
Combining our results with properties of cosine functions, we obtain the
following corollary.
COROLLARY 3. The following statements are equi¨ alent:
 .  . 1i Equation 1.4 admits a unique 2-periodic mild solution of class C
 .for any 2-periodic function f g C R, X .
 .   ..ii 1 g r C 2 .
 .   ..iii y1, 1 g r C 1 .
 .  . 1iv Equation 1.4 admits a unique 1-periodic mild solution of class C
 .  .for any 1-periodic function f t , and Eq. 1.4 admits a unique 1-antiperiodic
1  .mild solution of class C for any 1-antiperiodic function f t .
 .  .  .  .v The operator C9 1 S 1 g L X is in¨ertible.
 .  .Proof. The proof of i m ii is similar to the proof of Theorem 2.
 .  .  .ii m iii follows from ii in the definition of a cosine function.
Namely,
C 2 x q x s 2C 1 C 1 x , .  .  .
C 2 y I x s 2C 1 C 1 x y 2 x .  .  . .
s 2 C 1 q I C 1 y I x , ; x g X . .  . .  .
 .  .iii m iv follows from Theorem 2 and its corollary.
 .  .iii m v follows from the identity
C 1 q I C 1 y I x s C 1 C 1 y I x .  .  .  . .  .  .
s C9 1 S 1 x , ; x g X . 3.12 .  .  .
 .  .   ..It is easy to see that condition 1.5 implies 1.6 . That is, 1 g r C 1
 2 2 4  . 5 2 2 .y1 5implies y4p n : n g Z : r A and sup 4p n q A - `. Inng Z
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 .fact, we show that if the associated sine function S 1 is an invertible
 .  .operator in L X, D , then condition 1.6 holds. In order to do this, we1
will need the following observations.
 .  .LEMMA 2. Let S 1 g L X, D be in¨ertible. Then, for any l g C,1
 .  2 .y1 w  .xy1Re l ) v, where v is gi¨ en in 2.2 , l y A and S 1 commute on
D , and this implies that1
y1 y1A S 1 x s S 1 Ax , ; x g D A such that Ax g D . 3.13 .  .  .  .1
Proof. To show the first part of our assertion, we use the fact that
y1 y12 2l y A S 1 x s S 1 l y A x , ; x g X . .  .  .  .
 2 .y1  . 2 .y1w  .xy1Thus, l y A x s S 1 l y A S 1 x, for all x g D ; hence,1
w  .xy1 2 .y1  2 .y1w  .xy1  2S 1 l y A x s l y A S 1 x, for all x g D . Since l y1
.y1  .A x g D A for all x g X, and using the above identity, we have that
y1y1 y12 2l y A S 1 l y A x s S 1 x , ; x g D , .  .  .  . 1
 2 .w  .xy1 w  .xy1 2 .  .so that l y A S 1 x s S 1 l y A x, for all x g D A such
 .that Ax g D . This proves property 3.13 .1
 .  .LEMMA 3. If S 1 g L X, D is in¨ertible, then1
y12 2 2 2 4y4p n : n g Z : r A , sup 4p n q A - `. .  .
ngZ
Proof. Let x g X be given and define
t
R t x s S s x ds. .  .H
0
 . t  .  .Integration by parts shows that R t x s H t y s C s x ds. It is shown in0
w x  .  .  .2, Theorem II.3.1 that R t x g D A for any x g X and that AR t x s
  . .  .  .C t y I x. Also, we have that R9 t x s S t x. Let x g X and n g Z be
arbitrary and consider
1
T x s cosh y2p int R t x dt. .  .Hn
0
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 .Then T x g D A for all x g X and any n g Z, and we have thatn
1
AT x s A cosh y2p int R t x dt .  .Hn
0
1 1
s cosh y2p int C t x dt y cosh y2p int x dt .  .  .H H
0 0
11<s cosh y2p int S t x q 2p in sinh y2p int S t x dt .  .  .  .0 H
0
1
s S 1 x q 2p in sinh y2p int S t x dt. .  .  .H
0
 .This shows that AT x g D for all x g X and n g Z. Making use of 3.13n 1
and the above formulas we obtain that
y12 24p n q A S 1 T x .  . n
y1 2 2s S 1 4p n q A T x .  . n
1y1 2 2s S 1 4p n cosh y2p int R t x dt q S 1 x .  .  .  .H
0
1
q2p in sinh y2p int S t x dt .  .H 5
0
d1y1s S 1 2p in sinh y2p int S t x dt q S 1 x .  .  .  . .H 5dt0
y1s S 1 S 1 x .  .
s x .
 .  .  .Similarly, since A commutes with S t on D A , we have for x g D A
w  .xy1  2 2 .  2 2 .that S 1 T 4p n q A x s x. Thus, 4p n q A is invertible for eachn
 2 2 .y1 w  .xy1n g Z and 4p n q A s S 1 T . Also,n
y12 24p n q A x .
y1s S 1 T x . n
1y15 5F S 1 cosh y2p int R t x dt .  .  .H
D0 1
1y15 5 5 5F S 1 R t x dt .  .H D1
0
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1 ty15 5 5 5F S 1 S s x ds dt .  .H H D1
0 0
1 ty1 v s5 5 5 5F S 1 C 1 q C e ds dt x by 2.13 .  .  .H H 0 0
0 0
5 5F M x , ; x g X , ;n g Z,
5w  .xy1 5  . v . 2where M s S 1 C 1 q C e y 1 y v rv . This completes the0 0
proof.
If X is a Hilbert space, then the converse of Lemma 3 holds as well, but
we will state this result later. Lemma 3 and Corollary 1 imply the following
corollary.
  ..COROLLARY 4. Let X be a Banach space. If 1 g r C 1 , then
y12 2 2 25 5 4y4p n : n g Z : r A , sup 4p n q A - `. .  .
ngZ
The converse of Corollary 4 is, in general, not true, as the example in
w x12 shows.
 .THEOREM 3. Let X be a Hilbert space and C t be the strongly continuous
cosine function in X generated by A. If
y12 2 2 25 5 4y4p n : n g Z : r A , sup 4p n q A - `, .  .
ngZ
 .then Eq. 1.4 has a unique 1-periodic mild solution for any 1-periodic
w x .f g C 0, 1 , X .
 2 2 4  . 5 2 2 .y1 5Proof. Suppose y4p n : n g Z : r A and 4p n q A - M,
w x .;n g Z. Let f g C 0, 1 , X and f 1-periodic, be given. Then the Fourier
coefficients of f ,
1 y2 p in sf s f s e ds, n g Z, .Hn
0
are well defined and satisfy Parseval's equality,
12 2 2
25 5 5 5 5 5f s f s ds s f . . L H X Xn
0 ngZ
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In addition, let
N




2p int 2 w xf t s lim f e s lim f t in L 0, 1 , X .  .  . n N
Nª` Nª`yN
 .  .holds. If u t is a 1-periodic mild solution of Eq. 1.4 , then its Fourier
coefficients are
y12 2u s y4p n y A f . .n n
 .This means that there is at most one 1-periodic mild solution of Eq. 1.4 ,
or equivalently, the equation u0 s Au has a unique 1-periodic solution
 .u t s 0.
On the other hand, let
N N
y12p int 2 2 2p intu t s u e s y4p n y A f e . .  . N n n
nsyN nsyN
 . 2w x .  .Then u t g C 0, 1 , X , for all N g N, and u t is a 1-periodic strongN N
solution of
uY t s Au t q f t . .  .  .N N N
 .Hence, u t satisfiesN
tXu t s C t u 0 q S t u 0 q S t y s f s ds 3.14 .  .  .  .  .  .  .  .HN N N N
0
and
tX Xu t s C9 t u 0 q C t u 0 q C t y s f s ds. 3.15 .  .  .  .  .  .  .  .HN N N N
0
 .  .In particular, since u is a strong solution we have that u 0 g D A .N N
Now, the hypothesis implies that
` `
y12 2 2 22 2 2 25 5 5 5 5 5 5 5u F 4p n q A f F M f . .  Ln n
y` y`
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2w x .Hence u ª u in L 0, 1 , X as N ª `. Obviously,N
t t




C t y s f s ds ª C t y s f s ds .  .  .  .H HN
0 0
w xas N ª `, uniformly for t g 0, 1 .
  ..  .  .  . X  .We are going to show that I y C 1 u 0 , C 1 u 0 , and u 0N N N
 .   ..  .converge as N ª `, which will give us that u 0 s I y C 1 u 0 qN N
 .  . X  .C 1 u 0 and u 0 converge to some u , u in X, respectively, asN N 0 1
 . w x .N ª `. So 3.14 will imply that u ª u in C 0, 1 , X .N
 .  .  .  .Using 3.14 and 3.15 , the commutativity properties of S t , C t , and
 .  . X  .C9 t discussed earlier, the periodicity of u t and of u t , we obtainN N
similar as in the proof of Theorem 2 the formulas
1XI y C 1 u 0 s S 1 u 0 q S 1 y s f s ds, .  .  .  .  .  . . HN N N
0
and
1XI y C 1 u 0 s C9 1 u 0 q C 1 y s f s ds. .  .  .  .  .  . . HN N N
0
 .  .Applying formulas 3.3 and 3.4 , respectively, we get
11I y C 1 u 0 s S 1 y s q S s f s ds .  .  .  .  . .  .HN N2
0
and
1X 1I y C 1 u 0 s C 1 y s y C s f s ds. .  .  .  .  . .  .HN N2
0
The right-hand sides of the above equations converge as N ª `. This
  ..  .   .. X  .means that I y C 1 u 0 and I y C 1 u 0 converge, which yieldsN N
 . X  . X .  .the convergence of S 1 u 0 and C 1 u 0 . The latter implies theN N
 .  .  .convergence of S 1 C9 1 u 0 .N
y1  . y1  .  .By the hypothesis, A g L X, X and thus A C9 1 u 0 convergesN
 .  .  .  .as N ª `. Also, recall that u 0 g D A and AS t x s C9 t x for allN
 .  .  .x g D A and for all t g R. Hence, it follows that S 11 u 0 sN
y1  .  .A C9 1 u 0 converges also.N
 .  .Now, we will show that C 1 u 0 converges as N ª `. MultiplyingN
 .  .  .  .3.14 by C 1 y t and 3.15 by S 1 y t , adding both equations, and
SPECTRUM OF COSINE FUNCTIONS 393
 .  .making use of formulas 2.4 and 2.5 , we obtain
C 1 y t u t q S 1 y t uX t .  .  .  .N N
tXs C 1 u 0 q S 1 u 0 q S 1 y s f s ds. .  .  .  .  .  .HN N N
0
w xIntegrating over 0, 1 yields
1 1 XC 1 u 0 s C 1 y t u t dt q S 1 y t u t dt .  .  .  .  .  .H HN N N
0 0
1 tXy S 1 u 0 y S 1 y s f s ds dt. 3.16 .  .  .  .  .H HN N
0 0
1  . X  .The integral H S 1 y t u t dt simplifies as0 N
1 1XS 1 y t u t dt s S 1 u 0 q C 1 y t u t dt. .  .  .  .  .  .H HN N N
0 0
 .Thus, the right-hand side of Eq. 3.16 converges as N ª `, which means
 .  .that C 1 u 0 converges as N ª `.N
X  .  .  .In order to show convergence of u 0 we multiply 3.14 by C9 t ,N
CX t u t s C9 t C t u 0 q C9 t S t uX 0 .  .  .  .  .  .  .  .N N N
t
q C9 t S t y s f s ds, 3.17 .  .  .  .H N
0
and consider
yC t uX yt s yC t C9 yt u 0 y C t C yt uX 0 .  .  .  .  .  .  .  .N N N
yt
y C t C yt y s f s ds. .  .  .H N
0
 .  .  .Note that by 2.6 , C t is an even function. Thus, 2.6 gives
yC t uX yt s C t C9 t u 0 y C t C t uX 0 .  .  .  .  .  .  .  .N N N
0
q C t C t q s f s ds. .  .  .H N
yt
 .  .We add 3.17 and the above equation and make use of formula 2.5 ,
C9 t u t y C t uX yt s 2C t C9 t u 0 y uX 0 q A t , .  .  .  .  .  .  .  .  .N N N N N
3.18 .
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 .  . t  .  .  . 0  .  .where A t s C9 t H S t y s f s ds q C t H C t q s f s ds. In-N 0 N yt N
 . w xtegration of 3.18 over 0, 1 yields
1 XC9 t u t y C t u yt dt .  .  .  .H N N
0
1 1Xs 2C t C9 t u 0 dt y u 0 q A t dt , .  .  .  .  .H HN N N
0 0
and integration by parts gives
12 XC 1 y I u 0 s C 1 y I u 0 y u 0 q A t dt. .  .  .  .  .  . .  . HN N N N
0
X  .This shows that u 0 converges as N ª `.N
  ..  .  .  . X  .We have shown that I y C 1 u 0 , C 1 u 0 , and u 0 converge asN N N
 . X  .N ª `. This means that u 0 and u 0 converge to some u and u inN N 0 1
 .  .  . w x .X, respectively. Thus, 3.14 implies that u t ª u t in C 0, 1 , X , andN
 .  .u t is the unique 1-periodic mild solution of Eq. 1.4 .
Theorem 1, Lemma 3, and Theorem 3 yield the following result in
Hilbert spaces.
THEOREM 4. If X is a Hilbert space and A generates a strongly continuous
cosine function on X, then the following are equi¨ alent:
 .  .  .i S 1 g L X, D is in¨ertible.1
 .  2 24  . 5 2 2 .y1 5ii y4p n : r A and sup 4p n q A - `.ng Z ng Z
 . w x .  .iii For e¨ery 1-periodic f g C 0, 1 , X , Eq. 1.4 has a unique
1-periodic mild solution.
 .Now, if we assume that the function t ¬ C t x is differentiable for all
 .x g X, i.e., D s X, then, of course, any mild solution of Eq. 1.4 is a mild1
solution of class C1.
 .COROLLARY 5. If X is a Hilbert space and the function t ¬ C t x is
differentiable for all x g X, then the following are equi¨ alent:
 .   ..i 1 g r C 1 .
 . w x .ii For any 1-periodic f g C 0, 1 , X , there exists a unique 1-periodic
mild solution of class C1.
 .  .  .iii S 1 g L X, D is in¨ertible.1
 .  2 24  . 5 2 2 .y1 5iv y4p n : r A and sup 4p n q A - `.ng Z ng Z
If X is a Banach space, then the technique used in the proof of
Theorem 3 cannot be applied, but the following holds.
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THEOREM 5. Let X be a Banach space. If
 2 2 4y4p n : n g Z : r A , .
y12 25 5 < <4p n q A F a , ;n g Z and for some a g l , .  .n n 1
w x .  .then for any 1-periodic f g C 0, 1 , X , Eq. 1.4 has a unique 1-periodic
mild solution.
Proof. The proof is similar to the proof of Theorem 3. To obtain our
w x .result we recall that if X is a Banach space and f g C 0, 1 , X , f
1-periodic, is given, then we have that
N < <n
2p int w xf t s lim 1 y f e in C 0, 1 , X . .  . n /N q 1Nª` yN
 .Replacing u t in the proof of Theorem 3 byN
N < <n
2p intu t s 1 y u e , . N n /N q 1yN
 2 2 .y1with u s y4p n y A f and proceeding as the in the proof ofn n
Theorem 3, we obtain the assertion.
The following corollary follows from Theorems 5 and 1.
 2 2 4  .COROLLARY 6. Let X be a Banach space. If y4p n : n g Z : r A
5 2 2 .y1 5 < <  .  .and 4p n q A F a , ;n g Z and for some a g l , then S 1 isn n 1
 .an in¨ertible operator in L X, D .1
4. PERIODIC SOLUTIONS OF FIRST ORDER
DIFFERENTIAL EQUATIONS
5 5In Section 2 we introduced the Banach space D with the norm ? D1 1
 .given by 2.12 . In this section of the paper we consider the Banach space
5 .5 5 5 5 54D = X endowed with the norm x , x s max x , x and theD1 1 2 1 21
unbounded linear operator A given by
0 IA s . /A 0
Here, A is the generator of a strongly continuous cosine function and the
 . w x  .domain of A is D A = D . As shown in 2 , A generates a C -group S t1 0
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 .in D = X. The C -group S t is given by1 0
C t S t .  .
S t s , .  /C9 t C t .  .
 .  .where C t is the cosine function generated by A and S t is the associ-
ated sine function.
  ..   ..  .  .LEMMA 4. 1 g r S 1 if and only if 1 g r C 1 and S 1 g L X, D1
is in¨ertible.
  ..y1Proof. We will show that I y S 1 is given by
y11 1I S 1 C 1 y I .  . .2 2y1I y S 1 s . . . y11 1 0S 1 I q C 1 I .  . .2 2
 .  .  .  .We know that S 1 and C 1 commute on X, S 1 and C9 1 commute on
w  .xy1  .  .D , and that S 1 commutes with C 1 and S 1 on D . Recall Formula1 1
 .3.12 , i.e.,
C 1 C 1 y I x s C9 1 S 1 x , ; x g X . .  .  .  .
Consider
y1I S 1 C 1 y II y C 1 S 1  .  . .  .  .
y1 /C9 1 I y C 1 .  .  /S 1 I q C 1 I .  . .
T T1 2s . /T T3 4
 .Then, by 3.12 and using the above commutativity properties we have that
y1T s I y C 1 q S 1 S 1 I q C 1 s 2 I , .  .  .  . .1
y1T s I y C 1 S 1 C 1 y I q S 1 s 0, .  .  .  . .  .2
y1T s C9 1 q I y C 1 S 1 I q C 1 .  .  .  . .  .3
y1s C9 1 q S 1 I y C 1 C 1 .  .  .  . .
y1s C9 1 y S 1 S 1 C9 1 s 0, .  .  .  .
y1T s C9 1 S 1 C 1 y I q I y C 1 .  .  .  . .4
y1s C 1 q I C 1 y I C 1 y I q I y C 1 .  .  .  . .  .  .
s 2 I.
SPECTRUM OF COSINE FUNCTIONS 397
Similarly, we can show that
y1I S 1 C 1 y I I y C 1 S 1 .  .  .  . .
y1  /C9 1 I y C 1 .  . /S 1 I q C 1 I .  . .
2 I 0s . /0 2 I
Consider the first order system
V 9 t s AV t q F t , 4.1 .  .  .  .
where
¨ t f t .  .1 1
V t s and F t s g C R, D = X .  .  .1 /  /¨ t f t .  .2 2
and A is as above.
 .  .THEOREM 6. Let X be a Banach space, and let A, S t , and C t be as
abo¨e. Then the following are equi¨ alent:
 . w x .i For any 1-periodic function f g C 0, 1 , X there exists a unique
 .1-periodic mild solution of Eq. 1.4 .
 .   ..ii 1 g r C 1 .
 .   ..iii 1 g r S 1 .
 . w x .iv For any 1-periodic function F g C 0, 1 , D = X there exists a1
 .unique 1-periodic mild solution of Eq. 4.1 .
 .  .Proof. i « ii follows from Theorem 2.
 .  .ii « iii follows from Corollary 1 and Lemma 4.
 .  . w xiii « iv follows from Theorem 1 in 8 .
 .  . w x .  .   ..iv « i Let f g C 0, 1 , X be 1-periodic. Consider F t s 0, f t g
w x .C 0, 1 , D = X . By hypothesis, there exists a unique 1-periodic mild1
 . w x .solution V t g C 0, 1 , D = X of1
¨ X t ¨ t .  . 01 10 Is q ;X  /  /f t .A 0 /  /¨ t ¨ t .  .2 2
 . w x .that is, ¨ t g C 0, 1 , D is the unique 1-periodic mild solution of Eq.1 1
1 .  . w x .1.4 . It follows that ¨ t g C 0, 1 , X .1
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